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Abstract. We introduce generalized almost contact structures which admit 
the S-field transformations on odd dimensional manifolds. We provide defini- 
tion of generalized Sasakain structures from the view point of the generalized 
almost contact structures. We obtain a generalized Sasakian structure on a 
non-compact manifold which does not arise as a pair of ordinary Sasakian 
structures. However we show that a generalized Sasakian structure on com- 
pact 3-dimensional manifold is equivalent to a pair of Sasakian structures with 
the same metric. Finally we extend a definition of a generalized almost contact 
structure. 

1. INTRODUCTION 

Both generalized complex structures and generalized Kahler structures are struc- 
tures on even dimensional manifolds. It is natural to ask what is an analog of gen- 
eralized geometry on odd dimensional manifolds. Vaisman introduced generalized 
F-structures and generalized almost contact structures 0, 0| . He also defined gen- 
eralized Sasakian structures from the view point of generalized Kahler structures. 
Poon and Wade studied integrability conditions of generalized almost contact struc- 
tures and gave nontrivial examples on the three-dimensional Heisenberg group and 
its cocompact quotients Q ■ Vaisman showed that a generalized Sasakian structure 
appears as a pair of almost contact structures However, examples of generalized 
Sasakian structures which do not arise as a pair of Sasakian structures were not 
known. 

The purpose of this paper is to investigate generalized geometry on odd di- 
mensional manifolds. We introduce the new notion of generalized almost contact 
structures which includes the one in 0, as special cases. We use two sections E + 
and E_ of TM ©T* M to define generalized almost contact structures which admit 
S-ficld transformations naturally. An almost contact structure is a triple ((p,£,r)), 
where ip is an endomorphism of TM, £ € TM and r\ <G T*M which satisfies 

= 1) f ° ¥ — + V ® & 
where id denotes the identity map of TM. An almost contact structure gives rises 
to an almost complex structure / on the cone C(M) — M x R.>o, 

1 = (p + j] ® t— dr ® f, 

or r 

where r denotes the coordinate on M>o- We define a generalized almost contact 
structure to be a triple ($, E+, by replacing ip by an endomorphism $ of 
TM © T*M and £, r) by sections E+,E_ of TM © T*M, respectively which satisfy 

$ + =0, 

2<£ + ,£_) = l, (E±,E ± )=0, 

$ o $ = -id + E, <E> E- + E- © E+. 
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(see Definition 3.1 for more detail). By an analogue to the case of almost con- 
tact structures, we define bundle endomorphisms to construct generalized complex 
structures on the cone C(M). Putting 

d d 11 

V(E+, E) = E_ ®r- r— ® E- + E+ ® -dr dr®E + , 

Or Or r r 

it follows that 

$ + V(E + ,E-) 

is generalized almost complex structure on C(M). In Sasakian geometry, the Rie- 
mannian cone metric g = dr 2 + r 2 g on C(M) is, by definition, a Kahler metric. 
This suggests that 

R(<f> + *(£+, E-^R- 1 

is more important generalized almost complex structures rather than &+^(E + , EJ) 
when we pursue an analogy of Sasakian geometry, where R denotes an element of 
the special orthogonal group SO (TM © T*M) given by 

R{X + a) =r- 1 X + ra, X G TM, a G T*M. 

From the view point of generalized almost contact structures, we define a gener- 
alized Sasakian structure. We show that on a compact connected 3-dimensional 
manifold a generalized Sasakian structure is equivalent to a pair of Sasakian struc- 
tures with the same metric (Theorem 14.101) . We obtain a non-compact example of a 
generalized Sasakian structure which does not arise as a pair of Sasakian structures 
(Theorem 

Finally we introduce an extended definition of generalized almost contact struc- 
ture. Although generalized almost contact structures admit B-field transforma- 
tions, generalized almost complex structures i?($ + ty(E+, £ , _))i? _1 don't admit 
B-field transformations by 2-forms 2rdr A k (k £ T*M). To admit _B-field trans- 
formations on cone, we define a generalized /-almost contact structure. Then we 
can naturally define two transformations of generalized /-almost contact structures. 
One is a correspondence with B-field transformations on cone. We show that the 
other is a correspondence with a cross term of generalized Riemannian metric on 
cone. 

Acknowledgment. The author would like to thank Professor R. Goto for his 
many valuable suggestions and comments. 

2. GENERALIZED COMPLEX STRUCTURES 

In this section we give a brief explanation of generalized complex structures. Let 
M be an even dimensional smooth manifold. The space of sections of the vector 
bundle TM © T*M — > M is endowed with the following R-bilienar operations. 

• A symmetric bilinear form (— , — ) is defined by 

(X + a,Y + p} = l( ix /3 + LY a). 

• The Courant bracket [— , — ] is a skew-symmetric bracket, 

\X + a, Y + p\ = [X, Y] + Cx/3 - C Y a - ^d(i x ~ tya), 

where X, Y £ TM and a,P G T*M. 

A subbundle is Courant involutive if the space of sections of the subbundle is 
closed under the Courant bracket. 
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Definition 2.1. [4j A generalized almost complex structure on M is an endomor- 
phism of the direct sum TM © T*M which satisfies two conditions, 

J + J* = 0, J 2 = -id, 

where J* is defined by (JA,B) = (A,J*B) for any A, B G Y{TM®T*M). Let L 
be the +\/~^I-eigenspace of J' in TM © T*M. If L is Courant involutive, then J 
is called a generalized complex structure. 

The following are well known. 

Lemma 2.2. [J] L is a maximal isotropic subspace. 

Proposition 2.3. 4] Let L be a maximal isotropic subbundle of TM © T*M. 
Then the following three conditions are equivalent: 

• L is Courant involutive, 

• Nij \ L = 0, 

• Jac |l = 0, 

where Nij and Jac are given by 

Nij(A, B, C) = ~ (({A, B\,C) + (IB, Cj, A) + ({C, A},B)) , 

Jac( A, B, C) = {{A, Bj, Cj + [[£, CTfl , A] + [[C, AJ , Bj , 

for any A,B,C € L(TAf © T*M) . 

Let B be a smooth 2-form. Then the invertible bundle map given by exponen- 
tiating B, 

: I + q^I + q; + ( X B 
is orthogonal. 

Lemma 2.4. 4] A map e B is an automorphism of the Courant bracket if and only 
if B is closed, i.e. dB = 0. 

Definition 2.5. [J] A generalized Kahler structure is a pair (J\,J2) of commuting 
generalized complex structures such that G = gives a positive definite metric 

on TM © T*M. 

Lemma 2.6. [4( A generalized Kahler metric is uniquely determined by a Rie- 
mannian metric g together with a 2-form b as follows, 

"<»■»> -G-C-'* £■ 

Let C+ be a positive definite subbundle of TM(BT*M and C_ a negative definite 
subbundle with respect to the inner product which are given by 

C ± = {X± g(X, •) + b(X, •) ; X e TM}. 

The projection from C± to TM, J\ induces two almost complex structures J± 
on TM. If both (g,J + ) and (g,J-) are Hermitian structures, (g,J±) is called a 
bi-Hermitian structure. 

Theorem 2.7. 4] A generalized Kahler structure (J\,J2) is equivalent to bi- 
Hermitian structure (g, b, J±) which satisfies the following condition. 

• For all vector fields X,Y,Z, 

db(X, Y, Z) = doj+(J+X, J+Y, J+Z) = -rfw_(J_A, J_F, J_Z), 
where w±(X,Y) = g(X,J ± Y). 
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3. GENERALIZED ALMOST CONTACT STRUCTURES 

An almost contact structure on an odd dimensional manifold M is a triple 
((/?,£, 77), where p is an endomorphism of TM, £ is a vector field, and 77 is a 1- 
form which satisfies 

77(f) = 1, ip o ip — -id + 77 ® f. 

We replace by an endomorphism $ of TM © T*M and f , 77 by sections -E± of 
TM ® T*M respectively. We define a generalized almost contact structure: 

Definition 3.1. A generalized almost contact structure on a smooth manifold M 
is a triple ($, E + ,E-), where $ is an endomorphism of TM © T*M and E± are 
sections of TM © T*M which satisfy 

$ + =0, 
2(£ +) £_) = l ) (£±,£±) =0, 
$ o $ = -id + £ + ® + £L ® 

Let E± = £± + r]± where f± are vector fields and rj± are 1-forms. Then we have 

^77+ (8> 77- + 7/_ ® rj + f + ® 77_ + £_ ® T) + ) 

Remark 3.2. Vaisman, Poon and Wade discussed the restrictive case of f_ — 
77+ = @, H, However, their definition is not compatible with the -B-field 
transformations. Note that a generalized almost contact structure of Definition 13. II 
satisfies the condition of generalized T-structure 0] . 

Example 3.3. 7] Let (<p,£,r)) be an almost contact structure. Then we have a 
generalized almost contact structure by setting 

where (<p*a)(X) = a(<pX), X e TM, a € T*M. 

Example 3.4. Q A (2n+ l)-dimensional manifold M is a contact manifold if there 
exists a 1-form 77 such that 

77 A (dri) n ^ 

everywhere on M. A 1-form 77 is called a contact 1-form. Then there is a unique 
vector field f satisfying the two conditions 

^77 = 0, ,77(0 = 1. 

This vector field is called the Reeb field of the contact form 77. Since 77 is a contact 
1-form, the map 

p(X) := ixd-q - r/(X)r) 

is an isomorphism from the tangent bundle to the cotangent bundle. We define a 
bivector field 7r by 

7r(a,/3) :=dv(j>- 1 (a),p- 1 (P)). 
Then we have a generalized almost contact structure by setting 

Lemma 3.5. Let ($, E±) be a generalized almost contact structure. Then we have 
the following identities, 

$(£±) = 
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Proof. Since $ + <E>* = 0, we have 

($E + ,E+) = (E+,-*E+) = -($E+,E + ). 

Thus it follows that 

=0. 

Then we obtain 

= $ o ($ o $)(#+) = ($ o $) o 

(3.1) = + 2 +2 
= + 2(EL, . 

We also obtain 

(3.2) = $o ($o $)o $(£+) = 2 (£_,$£+)$£;+. 
From ([57T]) and (|3T2"|) . we have 

<5>E + = 0. 

Similarly, we have 

<$>E_ = 0. 

By a simple calculation, we get 

Lemma 3.6. Let ($, E±) be a generalized almost contact structure and B a smooth 
2-form. Then (e B $e~ B , e B E±) is a generalized almost contact structure. 



□ 



By Definition 13.11 we have 



$ 3 + $ = 0. 



Thus $ has three eigenvalues, namely 0, + \/— 1, — V~ 1- The kernel of $ is given 
by 

where Lb ± are line bundles generated by E± = £± + rj± , respectively. We define 

#(i,o) = { X + a _ ^i^x + a) ; X e TM, a e T*M, (X + a, E ± ) = 0}, 

£(0,1) = {X + a + V^1<S>(X + a) ; X G TM, a € T*M, (X + a, E±) =0}. 

Then £( 1 ' ) is +V— 1-eigenbundle and E^ 3,1 ^ is — v 7 ~ 1-eigenbundle . We consider 
the following four different complex vector bundles, 

l+ = l e+ ®eW, l+ = l e+ ®eW, 

L- = L E _®E^°\ —=L E _®E^\ 
The next lemma corresponds to Lemma 2.3 in Q 
Lemma 3.7. Bundles EW, EW, L ± ,I± are isotropic. 

Proof. Let A,B are sections of E^'°\ By our definition, we have (A,E±) = 0. It 
follows from $ + $* =0 that 

(<f>A, = ( V=1A, ^IB) = - (A, B) , 

($A, $B) = (A, -$ 2 £) = (A, B). 

Therefore E {1 ^ is isotropic. Similarly, E^\ ,L± are isotropic since (E±,E±) — 
0. □ 

According to Q, we define 

Definition 3.8. Let ($>,E±) be a generalized almost contact structure. If either 
of L ± is Courant involutive, it is called a generalized contact structure. If both L ± 
are Courant involutive, it is called a strong generalized contact structure. 
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An almost contact metric structure on M is (g, 9?, £, 77), where (y, £, 77) is an 
almost contact structure and g is a Riemannian metric which satisfies 

g(<pX, <pY) = g(X, Y) - r,(X)r,(Y), VX, Y G TM. 

We define a generalized almost contact metric structure: 

Definition 3.9. Let ($, E±) be a generalized almost contact structure. If G : TM® 
T*M — > TM © T*M is a generalized Riemannian metric which satisfies 

-$G$ = G - E+ ® E + - E- ® 

then (G, $,E±) is a generalized almost contact metric structure. 

This definition satisfies the condition of generalized metric ^-structure without 
a signature [9(. 

From Definition ^. 91 we have that (G, G$ = $G, GE± = E T ) is also a generalized 
almost contact metric structure. 

4. GENERALIZED SASAKIAN STRUCTURE 

There is the intriguing correspondence between the geometry on the cone C(M) — 
M x M>o and the geometry on M [2]. In fact, an almost contact structure ((^,£,77) 
gives rises to an almost complex structure I on C(M); 

9 , , 
I = f + rj® — -dt<2>€, 
at 

where e* = r denotes the coordinate on R>o- If I is integrable, an almost contact 
structure is called a normal almost contact structure. Let ($,E± = £± + r/±) be a 
generalized almost contact structure on M. we recall a bundle map ^: TC(M) © 
T*C(M) -> TC(M) © T*C{M) by 

= E-® — - — ®E_+E + ®dt-dt®E + 
r?_ <» f - ^ ® £+ 

r] + ® dt — dt ® ri + £ + ® — Jj © 77. 
Then it follows that 

$ + 

are generalized almost complex structures on G(M). 

Proposition 4.1. There is a one-to-one correspondence between generalized al- 
most contact structures (<$>,E±) on M and generalized almost complex structures 
J on C(M) such that 

CjlJ = 0, 

at 

d 

JV G TM © T*M, Jdt e TM © T*M. 
at 

Proof. Let J be a generalized almost complex structure which satisfies above con- 
ditions. Since J = — J* . if C a J = then we can write 

at 

d d d d 

J = Jm + A® — - — © A + B®dt- dt® B + h—®dt- hdt® — 
at at at dt 

where J M : TM © T*M ->■ TM © T*M, A,B G TM © T*M and ft G G°°(M). 
From .Jdt G TM © T*M, we have h = 0. J' 2 = -id implies that (J M ,B,A) is a 
generalized almost contact structure. 

$ + \t(-E-|_, .EL) is clearly a generalized almost complex structure which satisfies 
above conditions. □ 
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-1-eigenbundle of $, 
d 



-1-eigenbundle of <&+^{E + , EJ) 



The integrability condition of $ + ^>(E + , E-) is given by the following proposi- 
tion. 

Proposition 4.2. A generalized almost complex structure <^+^{E +1 on C(M) 
is integrable if and only if a generalized almost contact structure is a strong gener- 
alized almost contact structure and [-E+,-EL] = 0. 

Proof. Since E^°) is +^ 
is generated by 

E^°\ E, 
By simple calculations, we have 

•21 

di 
■idtJ 



-1^7, E_ - V-ldt. 
at 



X 
{X- 



- at,E + 
a,E_ 



-1- 



a,E 4 



E+ 



{X + a, E_ 
Idt 



where X + a <E L(£^ 1: °'). Since is a real section, +\/— 1-eigenbundle of 

<3> + ^(E + , is Courant involutive if and only if both are Courant involutive 
and \E + ,EJ\= 0. □ 

Let R be an endomorphism of TM © T*M given by 



i? = 















Then the adjoints 

are also generalized almost complex structures on C(M). Let g be a Riemannian 
metric on M. In Sasakian geometry, the Riemannian cone metric on C{M) is 

g = dr 2 + r 2 g. 

Since R($ + 1 S>(E + , E-))R~ l correspond to the cone metric, + E^R^ 1 
is more important than $+ 1 &(E + , E_) when we consider about Sasakian structures. 

The integrability condition of + fy(E + , is given by the following 

theorem. 

Theorem 4.3. A generalized almost complex structure + , i'(E + , £'_))i? _1 on 
C(M) is integrable if and only if the Nijenhuis operator on M satisfies 

mi M (A,B,C) 

= 2V^1((E- ,A){B,C)- + (E_ , B) (C, A) _ + (£_ , C) (A, B) _ ) 
for any A,B,C G 1(# 0) ©L £+ ®LijJ, where 

(X + a,F + /3)_ = i(a(y)-/3(X)) 
Proo/. Let L be +\/ :l T-eigenbundle of R($+^(E+, £L))iT 



is integrable if and only if Nij 



C(M) \L 



— 0. Since the 



R{^+^{E + ,E-)R~ 1 
'— 1-eigenbundle L is 



isotropic, Nij C ( M ) \l is a trilinear operator. Thus we only need to consider ele- 
ments in E*- 1 ^, E + and £L. Let A + a, F + [3, Z + 7 be elements of E^ 1 ^. Then 
we have from Definition 13.11 

lR(X + a),R(Y + f3)l 

= e^RlX + a, Y + (3j + (a(Y) - (3(X))dt. 
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Similarly, we have 

R{X + a),R (e+ 
= e- t R\X + a,E + 



-d 



^ler 2t X + ^la + (<*(£+) - V+(X))dt, 
{R(X + a),R(E- - V^ldt)} 
= e-'RlX + a,E_J + (a(f_) - ri-(X))dt, 



R E. 



-Idt) 



= e-*R[E + ,EJl + V^Te- 2t C_ - 
Then it follows that 

Nij c(M) (R(X + a),R(Y + 0), R(Z + 7 )) 
= e- t mj M (X + a,Y + P,Z + ~ f ). 



Similarly, we have 



Nijc(Af) [ R(X + a), R(Y + 0), R [ E+ - y/-l — 



e- t m\ M {X + a,Y + P,E + ) + 



1 



-le-\p{X)-a{Y)), 



Nij c(M) (R(X + a),R(Y + /?), R(E- - >/=ldi)) 
= e- t Nij M (X + a,Y + P,EJ), 

d 



Nij 



C(M) 



R(X + a),R[ E+ 



-Idt) 



1 



= e- f Nij M (X + a,E + ,E_) - - V-le^-PO - <*(£_)). 
Thus we obtain 

mj cm (A,B,C) 

= e"* Nij M (A, B, C) - 2V Z Te- t (^_, A){B, C}_ 

- 2V^le-' (E_,B)(C, A)_ - 2 v / ^lV t (£;_, C)(A, B)_ 

for any A,B,C £ r(£'( 1 ' ' © L E+ © L E _). Therefore the integrability condition is 
given by 

m] M {A,B,C) 

= 2V^l «£_ ,A)(B,C)- + (E_ , B) (C, A) _ + (£_ , C) (A, B) _ ) 
for any A,B,C (E r(EW © L E+ © LjjJ. □ 
An immediate corollary of Theorem 14.31 is 



Corollary 4.4. Let ($>,E±) be a generalized almost contact structure. If + 
E-))R~ X is a generalized complex structure on C(M), then i^ 1 * ) ®L E _ is 
Courant involutive. Therefore ($>,E±) is a generalized contact structure. 



□ 



Proof. It follows from Theorem 14.31 that 

mj M (A,B,C) = 0, A,B,Ce E^®L E _ 
Therefore EKbO) © L E _ is Courant involutive. 
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Definition 4.5. Let ($>,E±) be a generalized almost contact structure. If a gener- 
alized almost complex structure i?($ + &(E+, £?_))i? _1 is integrable, a generalized 
almost contact structure is a called normal generalized almost contact structure. 

Note that this definition differs from a Vaisman's definition 8]. 
We define a generalized Sasakian structure in terms of a generalized almost 
contact metric structure. 

Definition 4.6. A generalized Sasakian structure on M is a generalized almost 
contact metric structure (G, $, E±) such that + *(£+, and i?(G$ + 

^(GE+^GE-YjBr 1 are generalized complex structures on C(M). 

A generalized Sasakian structure (G, £7±) on M induces a generalized Kahler 
structure + E^))R-\ i?(G$ + *(GE+, GE^R- 1 ) on C(M). 

Remark 4.7. Definition ^. 6l coincides with Vaisman's definition in the case of K = 
under a modification of degree r [|| Q (also see Proposition 14. ip . The Sasakian 
structure due to Vaisman allows transformations by 2-forms 2rdr A k (k € T*M), 
however the one by our definition does not admit such a -B-field transformation. 
Generalized almost contact structures admit i?-field transformations by 2-forms on 
M. However, Lemma \2 .41 and 

d(r 2 a) ^ 0, Va g A 2 T*M 

show that our definition of generalized Sasakian structures does not admit any 
£?-field transformation. If (n,E±) — 0, there exists a generalized almost contact 
structure (<& K ,E±) such that 

However (G, $> K ,E±) is not a generalized almost contact metric structure. More 
details about transformations by 2-forms 2rdr A k appear in section [5] 

Example 4.8. Let (g,<p, £,rj) be a Sasakian structure. If we set 

C). -(s -;-)• — 

then (G. &,E±) becomes a generalized Sasakian structure. 

The next theorem corresponds to Theorem 12.71 

Theorem 4.9. [U A generalized Sasakian structure on a manifold M is equivalent 
to a pair (ip± ,£±,r)±,g) of normal almost contact metric structures with the same 
metric g which satisfy the following conditions 

(4.1) C i+ 6+ = 

(4.2) e ± -dr, ± + ^c s± c s± e ± = o 

(4.3) dd ± - t?± A C i± 6± - i (d£ 5± 0±) c± = 0, 
where = g(-,<p) and the upper indices c± denote 

a c ±(X 1 ,...,X k ) = a(i P± X l ,...,cp ± X k ), V«eO fc (M). 

Note that a pair of Sasakian structures with the same metric satisfies these con- 
ditions. In the case of a compact connected 3-dimensional manifold, a generalized 
Sasakian structure is equivalent to a pair of Sasakian structures with the same 
metric. In fact, we have 
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Theorem 4.10. Let M be a compact connected 3-dimensional manifold. Then 
a pair (<p± t £±, r)±, g) of normal almost contact metric structures corresponds to a 
generalized Sasakian structure if and only if both structures are Sasakian. 

Proof. A normal almost contact metric structure (ip, £, 77, g) is a Sasakian structure 
if and only if 8 = d?7, where 6* = g{-,<p) (c.f. Definition 6.4.4 and Definition 6.5.13 
in Q). Thus it is sufficient to show that 9± — dr)±. Since M is 3-dimensional, we 
have 

?7 + A dC i+ + = 0. 

The inner product by £+ yields 

7] + AC i+ C i+ 6 + = dC^ + 9+. 
From (|4.2[) and Stokes' theorem, we have 

0^ J 7?+ A 0+ = j ?7 + A f<foj + - = y 77+ A d?7 + . 

Let £/ be the open set given by 

= {z € M ; (77+ A ^77+), ^ 0}. 

Then [/ is not empty. It follows from Darboux's theorem that we have local coor- 
dinates (x,y,z) such that 

r)+=dz-ydx, £+ = 
Since = 0, there exits a function / ^ such that 

= fdx Ady = fdr] + . 

From (|4.ip . we have 

fdf 

= — = L£_££ + 6 + = i£_ I —da; A 

Let V be the open set given by 

We assume that V is not empty. Then we have = ±£_ on V. Since l%_6- = 0, 
we obtain 

6- = /iff 7/_ = ±hdrj + , 
where h is a function. From (14. ip . we have 



1 <9 2 f 



Then, from (14. 2[) . we have 

4 dz 
Adz 



± ( 7-5^ ) d77+ = 0. 



Thus it follows that 

/-l = -(/i-l). 
Thus, for I,re TM, we obtain 

g(Y,<P-X) = 0-(y,X) =±(j-lj 9+(Y,X) = g \Y,±(j ~ 1 j f- -V 
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Thus it follows that 

„_ = ±0-i)„ + . 

Since tp± = —id + r/± ® £±, we have / = 1. However this is a contradiction because 
§f 7^ 0. Therefore |j = on U, we have L^ + 9 + — and 6>± = dr/± on [/. Since 
ry + A 9 + 7^ on M, we have U <ZU . Since M is connected and [/ is not empty, we 
get U = M and 6± = drj ± on M. □ 

On a compact 3-dimcnsional manifold, a generalized Sasakian structure is equiv- 
alent to a pair of Sasakian structures. However, there exists a non-compact example 
which is not a pair of Sasakian structures. 

Example 4.11. Let (M',g', J',u') be a Kahler manifold and M = M' x (0,tt/2). 
To construct normal almost contact metric structures, we define 

d 

<p = J', Z = tt, V = dz 
Oz 

g = sin(2z)(/ + dz ® dz, 

where z denotes the coordinate on (0, n/2). Then (g, ±<p, £, 77) are normal almost 
contact metric structures but not Sasakian structures. 

On C(M) = M' x (0,7r/2) x M>o, wc define complex structures and a metric by 

1 , d 9 

J± = ±(p dr <g> — +dz® r— , 

r oz Or 
g = r 2 g + dr <g> dr. 

Then (g, J±) is a bi-Hermitian structure and 

uj± = g(-, J±-) = ±r 2 sin(2z)cj' + 2rdr A dz, 



du± = ±2r sin(2z)dr A J ± 2r 2 cos(2z)dz A J . 



duj±(J±-,J±-,J±-) 

= ±2rsin(2z)(rdz) A u/ ± 2r 2 cos(2z) ( --dr ) Acj' 



Thus 



r 

= ±2r 2 sin(2z)dz A J =F 2r cos(2z)dr A u/ 
= ±d(-r 2 cos(2z)u/). 

Therefore (g, — r 2 cos(2z)cj', J±) is a generalized Kahler structure and induces a 
generalized Sasakian structure. If we set p = (u/) 1 on M 1 , we have 

, 1 0\ fO g-^ ( 1 



-cos(2z)w' 1/ ^ / l^cos(2^)w' 1, 

1 0\ / f 1 

cos(2z)u/ 1/ \- sm(2z)u' / ^cos(2z)cj' 1, 

-cos(2z)w' lM )' l-cos(2z)u/ 1 1\ dz J " 
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5. AN EXTENSION OF GENERALIZED ALMOST CONTACT STRUCTURE 



In this section, we consider about a transformations by 2-forms 2rdr A k (k G 
T*M) in Remark 14.71 By a direct calculation, we have 



1 

A re 1 / 
$-K(gi£L+.EL(g)K; 



1 

-dr A k 1 



E -®dt-dt 



+ (E + + $re + 2(E-,k)k) ®dt- dt® (E + + $re + 2(.E_, «;)«;) 



d 

dt - 2{E^,n)dt® — 



We extend a definition of generalized almost contact structure to admit above 
transformations. 

Definition 5.1. A generalized /-almost contact structure on smooth manifold M 
is a 4-tuple (3>^, E f +1 EL, /), where is an endomorphism of TM © T*M, are 
sections of TM T*M and / is a C°°- function on M which satisfy 

$/ + ($/)* = o 
($/) 2 = -id + E i + ®E f _+E f _ 



<P f E f + 

2{eLeI 



-id + 
fEL 



1 + / 2 



&E f _ = -fE_ 



El, 
f 



0. 



A definition of generalized almost contact structure is the special case of / = 0. 
We already have an example. 

Example 5.2. Let ($, E±) be a generalized almost contact structure and K € T*M. 
Then ($ - re (g) £L + £L (g) re, £ + + <I>k + 2{E-,k)k, 2(£'_, re)) is a generalized 
/-almost contact structure. 

By an analogue to this example, we have 

Example 5.3. Let ($, -E±) be a generalized almost contact structure and re £ T*M. 



Then ($ - re ® £? + + E + <g> re, E + ,E_ 
/-almost contact structure. 



■ 3>re + 2(_E + , re)re, — 2(E + , re)) is a generalized 



We generalize methods for constructing these examples. 

Definition 5.4. Let ,E±,f) be a generalized /-almost contact structure and 
k E T*M. We define /C_ (re)-deformation by 



f* f '\ 



\ f ) 

and /C_|_ (re)-deformation by 



^ $ f - K (g) E f _ + E^ <S) K, \ 

E f + + $'re + 2(E f _ , re)re + /re, 
f + 2(E f _,n) 



/C+(re) 



Si 

v 7 / 



E 



V 



&k + 2(E{,k)k- fn. 
f-2(E{, K ) 



By a simple calculation, we get 
Lemma 5.5. /C±(re)-deformations and -B-field transformations are commutative. 
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Also, we get 

Lemma 5.6. Let (<S>f,E±,f) be a generalized /-almost contact structure and 
a,/3 € T*M. Then we have 

£±08) (K±(a){&,El,f)) = /C±(a + £)(*',££,/). 

Note that AI! + (a)-deformations and /C_ ( / 8)-dcformations are not commutative. 
We can construct any generalized /-almost contact structure from a generalized 
almost contact structure with /C±(K)-deforniations. 

Proposition 5.7. For any generalized /-almost contact structure ($^, !?£,/), 
there exists a generalized almost contact structure ($, £±) and 1-forms a,/3€ T*M 
such that 

(*,£?±,0) = /C_G8) (/C+ (a) ($f,E£,f)) . 

Proof. From a direct calculation, the fourth element of the generalized /-almost 
contact structure is 

f-2(E f + ,a) + 2(E f _ + <f> f a + 2{E^a)a- fa,/3) 

= / - 2(E{,a) + 2(El,/3) + ($'a, /3>. 

If we assume that /3 = —a, then we have 

f-2(E f + + E f _,a). 

Since {E f + ,E f _) ^ 0, there exists a 1-form a such that 2{E f + + E f _,a) = f. □ 

By a similar argument in section |4l we define a bundle map TC(M) © 
T*C{M) -> TC(M) © T*C{M) by 

d d 11 9 

=E S _® r- r— ® + £;{ <8> -dr ® --rfr ® EL + f— <g> rfr - fdr 

Or Or r r or 

Then we have two generalized almost complex structures I', I on C(M), 

E ! ±1 f) = <P f + * / (£;£, j b{) 

and 

X{&,E } ± ,f) =R(& +q f (E{,E j L))R~ 1 . 
From a proof of Proposition ^. 1[ we have next proposition. 

Proposition 5.8. There is a one-to-one correspondence between generalized /- 
almost contact structures (<£>^, E±, /) on M and generalized almost complex struc- 
tures J on C(M) such that 

Co J = 0. 

Ht 

The construction of /C_(K)-deformation shows 

Lemma 5.9. Let ($^, £?£,/) be a generalized /-almost contact structure and k G 
T*M. Then we have 

( W ! AK l^'^U-irA* ;)=^-(«)(^,4,/)). 
On the other hand, /C + (fi)-deformation means next theorem. 
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Theorem 5.10. Let g be a Ricmannian metric on M and a € T*M. Then 

G =( C 
is a generalized Riemannian metric on M and 

G Q = G + 

\(a + dt) <gi(a + dt) / 

is a generalized Reimannian metric on C{M). A generalized almost complex struc- 
ture I' constructed by a generalized /-structure (<£>^, E±, /) satisfies 

G Q = -l'G a l' = + V f (E{,El))G a ($ f + V f (E f + ,E f _)) 

if and only if there exists a generalized almost contact metric structure (G, <I>, £±) 
such that 

Proof. From G a = —X'G a X', we get next equations 

— G — a ® a 

(5.1) = $ / G$ / - $ f a ® + El ® - 2?£ ® $ / G Q + ® 

-E f _®E f _- $ f Ga <8)E{-(1 + g~ x {a, a))E f + <g £^ 

a 

(5.2) = &GE f + + 2{E f + ,a)& a - 2{E f + ,a)E[_ + 2{E f + ,Ga)E i + 

+ f<S> f a- 

(5.3) (E f _,GE f + ) +2(a,E{)(a,E f _) + f(E f _,a) + f(Ga,El) =0 

(5.4) 2{E f + ,GE t + ) + 4(a, E f + ) 2 + 2f(E f + ,a) + 2f(a, E f + ) + f 2 = 1 
From <(J5T2D, JS7^) - /jOJ), we have 

(5.5) (E f + ,Ga) = (a,El). 
From ((Bl2J),£+) + f/2(|Q)l. we have 

(5.6) 2<E(,a) = -/. 

We substitute (|53)) and (|5~^l into (153)) and ([5T2"|I . then we have 

(5.7) (El,GE{) = -f(Ga,E f + ) = -f(a,E f _). 



(5.8) 



a = & GE f + - f<P f a + jE s _ +2(E 3 i, a)E f + + f$ f a - fE f _ 
= <f> f GE f + + 2(E f _,a)E f + 



From (|5.7[) and (|5.8[) . we get 

(5.9) $ f a=-GE f + + E f _. 

(jSTTj) . ([5T5]) and ([5T9"]I shows that 

/C+(-a)(<^,££,/) 

and G become a generalized almost contact metric structure. By Lemma 15.61 we 
have a generalized almost contact metric structure (G, <5, E±) such that 

(&,E£,f) = IC + (a)(p,E±,0), 

and vice versa. □ 

By Lemma 15751 and Theorem 15. 101 we get 
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Corollary 5.11. Let (G, <£>, E±) be a generalized almost contact metric structure. 
Since there is a two-form B € A 2 T*M and a Riemannian metric g such that 

G = e U o J e ' 

two generalized almost complex structures I'(X+(a)(<l>, E±, 0)) andZ'(/C+(a)(G<I>, GE±, 0)) 
are commutative and 

-I'(/C + (a)($,i? ± ,0))oI'(/C + (a)(G$,G£ ±1 0)) 

is a generalized Riemannian metric on C{M). 

Now we can define a generalized /-almost contact metric structure and a gener- 
alized /-Sasakian structure. 

Definition 5.12. Let ,E±,f) be a generalized /-almost contact structure. If 
there exists a generalized almost contact metric structure (G, E±) and two 1- 
forms a,/J G T*M such that 

B±, /) - £_(/?) (£+(<*)(*, B±,0)) , 

then we called (G, a, /?, /) a generalized /-almost contact metric structure. 

Definition 5.13. Let (G, a, f3, <f>f , E±, f) be a generalized /-almost contact metric 
structure. Then there is a generalized almost contact metric structure (G, <&,E±) 
such that 

(*f,E£,f)=lC-{p)olC + (a)(* t E ±) 0). 
If two generalized almost complex structures 

X(/C_ 08) o £+ (a) ($, £± , 0)) = ,£;£,/) 
X{K-[fi) o /C+(a)(G$, G£±,0)) 

are integral, we called (G, a, f3, $>f ,E±, /) a generalized /-Sasakian structure. 

Remark 5.14. From the view point of Definition 15.131 we can express that Defi- 
nition 2^] is the special case of a = j3 = 0. The Sasakian structure due to Vaisman 
is the special case of a = 0. 

On compact manifolds which have more than five dimensions, we don't know 
whether there are examples of generalized Sasakian structures which are not pairs 
of Sasakian structures. On the other hand, we can get non-trivial examples of gen- 
eralized /-Sasakian structures by transformations of 3-Sasakian structures which is 
similar to get non-trivial examples of generalized Kahler structures by transforma- 
tions of hyperkahler structures. However, we need a notion of "ordinary" /-almost 
contact structure to study a generalized /-almost contact structure in detail. 
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